The structural behaviour of shallow arches is complex and can be influenced by many parameters. In this paper, the response of a half-sine shallow arch under static loading in a thermal environment is investigated. The arch has pinned supports and the material behaviour is assumed elastic. The exact displacement field, load-bearing capacity and the locus of critical points are obtained.
Introduction
Shallow arches are widely used in civil, mechanical and aerospace engineering as stand-alone structures or components of more complex systems. Subsequently, the analysis of their behaviour has always been of interest to researchers and engineers. One type of analysis relies on the derivation of the exact solution based on some simplifying assumptions [1, 2] . This is the approach that is also taken in this paper. A different approach is usually based on non-linear finite element modelling [3, 4, 5] . A disadvantage of this procedure is that it requires the magnitude of independent parameters defined in the problem to be constant along the analysis. Hence, for each specific configuration a separate analysis is required.
A loss of stability that can frequently be observed in the response of shallow arches, is the snap-through. Snap-through is usually accompanied by large deformations and large stress reversals therefore accelerating fatigue. For these reasons, understanding snap-through and having the ability to estimate the associated stability boundaries are crucial in structural design [6, 7, 8] . The equilibrium state, displacement field, load-bearing capacity and snap-through of these systems are extensively discussed in the literature [9, 10, 11] . In most cases, it is assumed that the arch keeps its elastic characteristics throughout the analysis. Reported experimental results support this assumption [12, 13, 14] .
The geometry of the arch is a design parameter that can influence the loadbearing capacity. Half-sine, circular and parabolic shapes have been studied [15, 16, 17] and a variety of loading conditions have been investigated, such as concentrated loads [18, 19, 20] , distributed and end moments loads [21, 22, 23] , and variations in the thermal fields or support conditions [5, 24, 25] . This paper introduces a semi-analytical procedure to find the exact solution to a half-sine pinned shallow arch under transversal loading. In addition, the effects of variation in initial temperature on the displacement field, equilibrium paths and locus of critical points are investigated. For this purpose, the governing equations of the arch are obtained based on non-dimensionalized parameters, and the displacement field is expanded into Fourier sine series. By equating the residual force to zero, primary and bifurcated equilibrium paths are derived. In order to find critical points (limit and bifurcation points), an extra constraint is added to the equilibrium equations. Furthermore, the natural frequencies of the arch in the vicinity of equilibrium states are calculated. The proposed method is applied to three different types of static loadings (concentrated, uniform and asymmetrical uniform). The superiority of the proposed method is shown in its ability to: (a) find the exact solution of the displacement field, equilibrium paths, locus of critical points and natural frequencies of the arch; (b) perform parametric analyses instead of multiple analyses with specified values; and (c) predict critical points without tracing the equilibrium path. The only disadvantages of the proposed method are the limitations coming from the simplifying assumptions used in the analysis.
The rest of the paper is organized as follows. In Section 2, the governing equations of the arch under arbitrary vertical loading and the corresponding equilibrium states are derived. In Section 3, the critical points (limit and bifurcation points) are defined and the critical state constraint is discussed. Section 4 introduces the evaluation of natural frequencies in the vicinity of equilibrium states. Section 5 presents the governing equations of a half-sine shallow arch, and the solution (with the proposed method) for the displacement field, the equilibrium paths and the locus of critical points for several loading patterns.
Finally, concluding remarks are given in Section 6.
Governing equations
In this section, the governing equations of a half-sine pin-ended shallow arch ( Figure 1 ) under an arbitrary vertical loading Q * (a) are derived. A modified Bernoulli beam theory with large transversal displacements is used. The material is isotropic and homogeneous, and no transverse temperature gradient is considered. E, ρ and α * represent the Young's modulus, mass density and thermal expansion coefficient, respectively. A is the area and I denotes the moment of inertia of the cross section. All these parameters are assumed to be constant over the span L.
The assumptions used for the analysis are: (1) the axial force is constant over the span [2, 6, 23] ; (2) the material is elastic; (3) out-of-plane deflections are neglected [13] ; and (4) the range of displacements and curvatures of the arch is small in comparison with the length of the span [6] . The equation of motion can now be written as [17, 21, 26] :
where, y 0 is the initial shape of the arch, the subscripts ", t" and ", x" show the partial differentiation with respect to the time and the longitudinal position, respectively, and P * represents the axial force:
where ∆T 0 denotes the initial temperature change before loading. In Eq. (2), since the supports are fixed in the direction of x, non-zero ∆T 0 causes initial compressive or tensional axial thermal stress (−Eα * ∆T 0 ). Eqs. (1) and (2) can be rewritten in dimensionless form:
where,
The parameter r is the radius of gyration of the cross section (r = I/A).
The arbitrary constant c is just a scaling factor and has no effect on the final result. In this paper, for convenience, c is assumed to be π/2 and π/4 for concentrated and distributed loading problems, respectively. Since a modified
Bernoulli theory is applied, the shear modulus and Poisson's ratio do not appear in the formulation. The boundary conditions for Eq. (3) are
By considering the boundary conditions given in (6), the displacement field can be expanded into Fourier sine series. Consequently, the initial and deformed shapes of the shallow arch in the dimensionless configuration are
Here, h is the dimensionless rise of the arch. The load Q can be written via the Fourier series:
By substituting Eqs. (7)- (9) into (3), and equating the coefficients of sin nξ from both sides, the following set of equations is obtained:
In this equation, q 1 = Q 1 − h and q n = Q n for n = 2, 3, . . ., and p is
(•) denotes derivatives of (•) with respect to τ . By solving the differential equations (11), one can calculate the variations in the mode coefficients α n , and subsequently, obtain the dynamic response of the shallow arch.
At equilibrium,α n = 0 for n = 1, 2, . . . and Eq. (11) becomes:
where, R n is the residual (unbalanced) dimensionless force. The set of α n satisfying Eq. (13), defines the equilibrium states that correspond to the given Q.
Note that the system is subjected to an initial temperature change ∆T 0 but then the temperature remains constant during the static loading. As a result, material characteristics are constant while tracing the equilibrium path and finding critical points. For example, for a Young's modulus E that is a function of ∆T 0 (E = E(∆T 0 )), first, the magnitude of E is calculated based on the value of ∆T 0 ; then, the static loading is applied, and the formulation given in this paper can be used to analyse the shallow arch.
Critical points
In this section, the critical states of the shallow arch are obtained. If Q is a function of a load parameter λ (Q = Q(λ)), the solution to Eq. (13) describes a relationship between the displacements and the load parameter,
i.e., the equilibrium path in the space of (u, λ). Each point on this path is an equilibrium point. Figure 2 shows an example of an equilibrium path. The critical points are those points along the equilibrium path where sudden changes in the behaviour of the arch are observed. Two types of critical points
are discussed in what follows: (1) limit points, where the variation of the load parameter λ along the equilibrium path is equal to zero (points A in Figure 2 ), and (2) bifurcation points, located at the intersection of two or more equilibrium paths (points B in Figure 2 ). This figure is just a schematic example to show the possibility of the existence of limit and bifurcation points on the equilibrium path. There could exist more or fewer critical points, and either limit or bifurcation points can appear first on the path. These issues are examined later in the article.
The (modal) tangent stiffness matrix is defined as follows:
Here, δ nm is the Kronecker delta. The matrix is singular at the critical points:
Eq. (15) can be rewritten in a simpler form:
At critical points, Eq. (17) is always satisfied.
Natural frequencies
In this section, the calculation of natural frequencies in the vicinity of equilibrium points is described. While the paper does not introduce dynamic analyses, we introduce this section due to the similarities between the equations identifying the natural frequencies and other equations that are analytically solved here. These similarities allow for the calculation of the natural frequencies analytically, while a full transient analysis would require numerical integration.
A small perturbation factor ε n (τ ) is added to mode coefficients at the equilibrium state (α e n ) [14] . The perturbed mode coefficients α n (τ ) become
By substituting Eq. (18) into (11) one can obtain a set of linear equations:
where, M e nm and K e nm are defined as
In order to find the natural frequencies of the shallow arch (ω), the following constraint is enforced:
Eq. (22) shows the value of β nm :
Similar to Eq. (17), the constraint (21) can be simplified:
In the case of α e n = 0 for some n, the value of β nn is equal to zero (Eq. (23)). Consequently, from Eq. (22), the corresponding natural frequency ω n = n n 2 + p when α e n = 0. The authors' experience shows that for sufficiently large value of n, this equation can approximately obtain ω n corresponding to α e n = 0. A complex root for ω n shows the instability of the equilibrium state in the direction of sin nξ.
Application to specific transversal loadings
In this section, the behaviour of shallow arches under a variety of transversal loadings is investigated.
Concentrated loading at the midpoint
First, the case of the shallow arch under a concentrated load at the midpoint ( Figure 1(b) ) is analysed. For this purpose, the non-dimensionalized load Q 1 can be expressed as a function of the load parameter λ:
where, δ denotes the Dirac delta function. For convenience, the scaling factor c is assumed to be equal to π/2 in (10). As a result, the value of q n for n = 1, 2, . . .
By substituting the values of q n into Eq. (13), the equilibrium state is obtained.
Equilibrium paths
Since q n is equal to zero for even values of n, two types of solutions for α n can be obtained. The first one is the symmetrical solution for which all coefficients α 2i for i = 1, 2, . . . are zero, while in the asymmetrical solution, α 2j = 0 for some j, and all other α 2i = 0 for i = 1, 2, . . . , i = j. The reason of having only one non-zero asymmetrical mode in asymmetric equilibrium states will be discussed later.
On the symmetrical solution, from Eqs. (13) and (25), the mode coefficients α n are as follows:
By substituting the mode coefficients into Eq. (12), the value of p is calculated:
where, the function κ M,N (p) is defined in Appendix A. From this equation, the magnitude of λ can be calculated as
By substituting (26) into Eq. (8), one can determine the displacement field of the shallow arch:
Eqs. (28) and (29) give the equilibrium path in the space of (u, λ) for different values of p. In particular, the displacement of the midpoint (ξ = π/2) for the symmetrical solution is Figure 3 illustrates the equilibrium path for four different values of h and α∆T 0 .
In this figure, the black curves are the primary equilibrium paths given by Eqs.
(28) and (30). To verify the results, a finite element analysis (using a cylindrical arc-length method [27, 28] ) was also utilized to trace the equilibrium path from the initial unloaded state (points marked with (×) in Figure 3 ). For this purpose, 60 modified 2D Timoshenko beam elements with large transversal displacements are applied to discretize the arch. As it can be seen, the proposed method and the FEM give the same results.
On asymmetrical equilibrium paths, there exists a non-zero asymmetric mode coefficient (α 2j ). As a result, by considering the 2j th equation of (13), p = −(2j) 2 along the corresponding asymmetrical solution. After substituting this value into the 2i th equation of (13) for i = 1, 2, . . . , i = j, it can be con- all even mode coefficients (except for α 2j ) on the 2j th asymmetrical equilibrium path are 0. α 2j can be explicitly computed from Eq. (27):
Similar to the symmetrical solution, the displacements of the shallow arch relative to the j th asymmetric equilibrium path are obtained by substituting the mode coefficients into Eq. (8):
This equation shows a linear relationship between ∆u and λ. Note that all values of λ that result in real values for α 2j (Eq. (31)) are acceptable for asymmetric equilibrium paths in the space of (u, λ). By replacing ξ with π/2, one can obtain the displacement of the midpoint in the j th asymmetrical solution:
The gray lines in Figure 3 display the asymmetric paths calculated by Eq. (33).
The equilibrium states corresponding to the points a-f shown in Figure 3(d) are shown in Figure 4 . The equilibrium states a-d are symmetric, while the states e and f belong to the first and the second asymmetric equilibrium paths, respectively.
In Section 4, it is proven that the natural frequency corresponding to α n = 0 is equal to n n 2 + p. Consequently, on the symmetrical solution, the natural frequency relative to the i th asymmetrical mode coefficients (α 2i ) is a function of p and equals 2i (2i) 2 + p. On the j th asymmetric equilibrium path, since p = −(2j) 2 along the path, ω 2i is constant and equal to 2i (2i) 2 − (2j) 2 for i = 1, 2, . . . , i = j. In order to find the natural frequencies corresponding to non-zero mode coefficients, Eq. (23) is solved numerically. Note that a complex root for ω n shows the instability of the shallow arch in the direction of sin nξ.
Critical points
This section focuses attention on determining the critical points of half-sine shallow arches under a concentrated loading at the midpoint, i.e., the equilibrium points at which the constraint (17) is satisfied. It can be easily proven that all asymmetric equilibrium paths include critical points only at the intersection of symmetrical and asymmetrical solutions, i.e., at the bifurcation points. In order to prove this, the properties of equilibrium points on asymmetrical solution are examined. Since p = −(2j) 2 on the j th asymmetric equilibrium path,
Eq. (17), α 2j = 0, which means that only symmetrical mode coefficients can be non-zero at critical points. In other words, all critical points (limit and bifurcation points) are located on the symmetric equilibrium paths. Similarly, for an arbitrary loading, it can be proven that all critical points are always located on the primary equilibrium path(s), and bifurcated paths include critical points only at their intersection with the primary equilibrium path(s).
The critical condition (17) can be satisfied in two ways. The first case corresponds to p = −n 2 for some n. Under this condition, β nn becomes zero, and subsequently, α n should have a null value to satisfy (17) . This case will be discussed later. If p = −n 2 for n = 1, 2, . . ., Eq. (17) can be rewritten in a simpler form:
By substituting the values of α n given from Eq. (26) into (34), the following equation is obtained:
where, λ Cr is the dimensionless critical load parameter. Eqs. (27) and (35) describe the locus of limit points as a set of surfaces in the space of (h, α∆T 0 , λ Cr ). By projecting these surfaces on the plane of h and α∆T 0 , one can isolate areas within this 2-parameter space that correspond to geometries and initial temperature values leading to different number of limit points on the equilibrium path ( Figure 6 ). The boundaries separating areas with different number of limit points are denoted by B j for j = 1, 2, . . .. It can be proven that at the j th boundary B j , the value of p is equal to −(2j − 1) 2 . Subsequently, (16) and (17) . By substituting the value of p in the j th equation of (13), it is shown that q j = 0. In the case of j = 1, λ Cr is equal to h. From Eq. (27) and using κ 2,2 (−1) = (7π 2 − 69)/48 the first boundary is determined as:
For j ≥ 2, λ Cr is equal to zero. As a result, α n = 0 for n = 2, 3, . . . from Eq.
(13). By substituting the values of α n into Eq. (27) , the j th boundary B j is obtained: Figure 6 : Areas with different number of limit points: zero (area 0), two (area 1), four (area 2) and six (area 3) limit points Figure 6 shows the B 1 , B 2 and B 3 boundaries for the interval {(h, α∆T 0 ) ∈ R 2 | 0 < h < 10, − 10 < α∆T 0 < 10}. Four areas are displayed in this figure.
For the shallow arches with h and α∆T 0 in the white area, for example point (a), there is no limit point on their corresponding equilibrium paths. For the values of h and α∆T 0 located in the areas 1, 2 and 3, there are two, four and six limit points, respectively. The equilibrium paths corresponding to the points (a)-(d) are shown in Figure 3 . For the values of h and α∆T 0 on the boundaries B j , the two limit points and the inflection point coincide.
Recall that bifurcation points are found at the intersection of branches of symmetrical and asymmetrical solutions. Consequently, the bifurcation point relative to the j th asymmetric equilibrium path should satisfy the following properties:
In contrast with other equilibrium points on asymmetrical solutions, the j th bifurcation point satisfies the additional constraint α 2j = 0. As a result, a direct relationship between h, α∆T 0 and λ Cr is obtained by considering Eq.
(31):
Eq. (39) describes a number of surfaces C j (h, α∆T 0 , λ Cr ) = 0 in the space of (h, α∆T 0 , λ Cr ). These surfaces display the value of critical loads λ Cr corresponding to the bifurcation points as a function of the parameters h and α∆T 0 . Figure 7 shows the mentioned surfaces for the interval {(h, α∆T 0 ) ∈ R 2 | 0 < h < 10, − 10 < α∆T 0 < 10}.
In what follows, the surface C i (h, α∆T 0 , λ Cr ) = 0 will be referred to as surface i and identified on the figures with the label i . For a specific pair of (h, α∆T 0 ), the surface 1 displays the magnitude of the critical loads at the first and the last bifurcation points of the equilibrium path. The projection of the surfaces on the plane of h and α∆T 0 identifies a number of boundaries represented by B j . These boundaries separate areas with different number of bifurcation points along the equilibrium path. Since C j is continuous and differentiable, the following constraint should be satisfied:
By calculating λ Cr from (40) and substituting its value into Eq. (39), the boundaries B j are obtained: A particular case, which can be of interest, is the coincidence of limit and bifurcation points on the equilibrium path. This corresponds to cases when the limit point constraint (35) and the bifurcation constraint (38) are satisfied simultaneously. By substituting the value of p from (38) into (35) and considering Eq. (39), the following equations are obtained: An issue that could be of interest is the sequence of critical points along the equilibrium path. The parameters h and α∆T 0 can swap the sequence of the first limit point and the first bifurcation point on the equilibrium path. For a pair h and α∆T 0 on the curve C T 1 , the first limit and bifurcation points coincide. For the states below this curve, a limit point is first detected when tracing the equilibrium path. Conversely, for states above the curve C T 1 , a bifurcation point is the first critical point on the equilibrium path.
Uniform loading
In this example, the shallow arch under a uniform distributed loading is investigated (Figure 1(c) ). The value of non-dimensionalized load Q 2 is constant, with value λ over the span. If, for convenience, the arbitrary scaling factor c is assumed π/4, then the value of q n for n = 1, 2, . . . becomes
Equilibrium paths
Similarly to the case of the concentrated load, the arch has symmetrical and asymmetrical solutions. By considering Eqs. (13) and (45), the magnitude of mode coefficients in a symmetrical solution is
By substituting the computed α n into Eq. (12), p is obtained:
This equation is similar to (27) , except that κ 2,2 (p) is replaced by κ 4,2 (p). From
Eq. (47), the load parameter λ can be calculated as a function of p, h and α∆T 0 .
In addition, the dimensionless displacement field for the symmetric equilibrium path is obtained by substituting the values of α n into Eq. (8):
The displacement of the midpoint is:
where, κ M,N (p) is defined in Appendix A. Figure 10 shows the equilibrium paths of the shallow arch for four different values of h and α∆T 0 . Black solid lines and the points marked with (×) denote the results computed by the proposed method and FEM, respectively.
In order to obtain the asymmetrical solution, the same procedure described in Section 5.1 can be followed. Eqs. (50) and (51) give the displacement field and the displacement of the midpoint for the j th asymmetric equilibrium path, respectively:
, j = 1, 2, . . . 
Here, α 2j is similar to Eq. (31), where κ 2,2 (p) is replaced by κ 4,2 (p). In Figure   10 , the asymmetric equilibrium paths are shown by gray solid lines. To estimate natural frequencies in the vicinity of an equilibrium state, the same procedure utilized in the concentrated loading problem (Section 5.1) can be followed.
Critical points
From Eq. (45), it is derived that q 2k = 0 for the uniformly distributed loading. Recall that critical points are always located on the equilibrium path on which the value of all α n corresponding to q n = 0 for some n equals zero.
Consequently, the locus of limit and bifurcation points is included into the symmetrical solution. If p = −n 2 for n = 1, 2, . . ., the critical condition (34) can be written in the following form:
Eqs. (47) and (52) provide the locus of limit points as a set of surfaces in the space of (h, α∆T 0 , λ Cr ). Figure 11 shows these surfaces for the interval {(h, α∆T 0 ) ∈ R 2 | 0 < h < 10, − 10 < α∆T 0 < 10}. This figure shows that, by increasing h and α∆T 0 , the number of pairs of limit points on the symmetric equilibrium path increases. The boundaries of domains with different number of limit points correspond to p = −(2j − 1) 2 for j = 1, 2, . . .. By considering the j th equation of (13), it is concluded that q j = 0. Consequently, λ Cr = h and λ Cr = 0 for j = 1 and j ≥ 2, respectively. By substituting the values of p and λ Cr into Eq. (47), the corresponding boundaries B j are determined. Note that the computed boundaries for j ≥ 2 coincide with the boundaries defined by Eq.
(37) for the concentrated load case. For j = 1, B 1 is
The constraints (38) should be satisfied at the bifurcation points on the j th asymmetric equilibrium path. By substituting the value of p into (47), a direct relationship between h, α∆T 0 and λ Cr is obtained: Figure 12 shows C 1 and C 2 (the surfaces 1 and 2, respectively) for the interval {(h, α∆T 0 ) ∈ R 2 | 0 < h < 10, − 10 < α∆ 0 T < 10}. In order to find the boundaries of domains with different number of bifurcation points along the symmetric equilibrium path, the constraint ∂C j /∂λ Cr = 0 is added to Eq. (54); after eliminating λ Cr , the boundaries B j are determined.
The specific configurations that cause the coincidence of a limit point and a bifurcation point on the equilibrium path are obtained when the limit point constraint (52) and the bifurcation constraint (54) are satisfied simultaneously. The value of p for the coincidence of a limit point and the bifurcation point corresponding to j th asymmetrical solution is equal to −(2j) 2 . As an example, Eq. (55) denotes the solution for j = 1:
This means that if h and α∆T 0 satisfy the second equation of (55), the first asymmetric equilibrium path intersects the symmetrical solution at a limit point with λ Cr given in Eq. (55). Similar arguments can be made for j ≥ 2. Eq. (56) provides the solution to j = 2:
Similar to the case of the concentrated loading, the sequence of the first limit and bifurcation points on the equilibrium path is a function of the parameters h and α∆T 0 . For the values below the coincidence curve of the first critical points, a limit point is detected first, and for higher values, an inverse sequence is observed.
Asymmetrical uniform loading
In this section, the shallow arch under asymmetrical uniform loading is investigated ( Figure 1(d) ). The non-dimensionalized load Q 3 can be written as a function of the load parameter λ:
where H is the Heaviside step function. If the scaling factor c is assumed to be
Equilibrium paths
The mode coefficients α n can be calculated by substituting the values of q n from Eq. (58) into Eq. (13) . For this type of loading, three types of equilibrium paths are obtained. At the equilibrium state Type I, the value of all α n corresponding to q n = 0 is equal to zero:
which means that the displacement of the arch consists of mode shapes sin ξ and sin(4i − 2)ξ for i = 1, 2, . . .. From the mode coefficients, the value of p is calculated from Eq. (12):
where, the function κ M,N (p) is defined in Appendix A. From this equation, the load coefficient λ is obtained as a function of p, h and α∆T 0 . In addition, the displacement field can be determined by substituting the values of α n into Eq.
:
As a result, the displacement of the midpoint (ξ = π/2) is
This relationship indicates that lim p→+∞ ∆u Mid = −h. Figure 13 For sufficiently large values of h and α∆T 0 there is a secondary equilibrium path that does not pass through the initial unloaded equilibrium state ( Figure   13(b-d) ). Although the primary equilibrium path has no critical point, the secondary path includes limit (and bifurcation) points. Figure 14 illustrates the deformed shape of the shallow arch at the points a-d in Figure 13 From the relationships given in Section 4, the natural frequencies corresponding to the mode coefficients α 2i+1 and α 4i−2 for i = 1, 2, . . . are, respectively, equal to (2i + 1) (2i + 1) 2 + p and (4i − 2) (4i − 2) 2 + p. To find the natural frequencies relative to non-zero mode coefficients, Eq. (23) is solved numerically.
At the equilibrium state Type II, α 2j+1 = 0 for some values of j, i.e., the displacement field of the arch is a combination of all mode shapes existing in the Type I solution and the symmetric mode shape sin(2j + 1)ξ:
where, j equals 2j + 1 for j = 1, 2, . . .. By computing α 1 and α 4i−2 for i = 1, 2, . . . from Eq. (13) and substituting their values the results into (12), α j is calculated:
Subsequently, the displacement of the midpoint (ξ = π/2) on the equilibrium path Type II is Figure 13 shows this type of equilibrium path with solid gray curves. At the equilibrium state Type III, α 4j = 0 for some values of j, which indicates that the displacement field consists of all mode shapes existing in the Type I solution and an additional asymmetric mode shape sin 2jξ. For this type of equilibrium path, Eqs. (63)-(65) are applicable when j is replaced by 4j for j = 1, 2, . . .. In Figure 13 , dashed gray lines denote the equilibrium state of Type III.
Critical points
The equilibrium path passing through the initial unloaded estate (the primary path) has no critical point. Nevertheless, the secondary equilibrium path, which is a part of the Type I solution, includes limit and bifurcation points.
Similarly to the previous sections, it can be proven that all critical points belong to the equilibrium path Type I. Consequently, If p = −n 2 for n = 1, 2, . . ., the critical condition (34) for limit points is written as
From Eqs. (60) and (66), the value of λ Cr is obtained as a function of h and α∆T 0 . Figure 15 displays the locus of limit points over the parameter set By projecting the surfaces on the plane of h and α∆T 0 , one can isolate areas within this 2-parameter space that correspond to geometries and initial temperature values leading to different number of limit points on the equilibrium path. Due to symmetry (identical behaviour for positive and negative load parameter), λ Cr = 0 at the boundaries. As a result, by making λ = 0 in Eqs.
(60) and (66) and eliminating p, the first boundary B 1 is obtained:
Furthermore, p = −(4j − 2) 2 at the boundaries B j+1 for j = 1, 2, . . .. By substituting this value and λ Cr = 0 into Eq. (60), the boundaries B j+1 are obtained: Since there are two types of bifurcated paths (Types II and III), two classes of bifurcation points can be observed. Eq. (69) presents the constraints satisfied at bifurcation points:
where, j is equal to 2j +1 in Type II bifurcations and 4j in Type III bifurcations for some j. By substituting the value of p into Eq. (60), the locus of bifurcation In Figure 17 , surfaces 1, 2 and 3 respectively represents C 3 , C 5 and C 4 for the interval {(h, α∆T 0 ) ∈ R 2 | 0 < h < 10, − 10 < α∆T 0 < 10}.
The boundaries separating the areas with different number of bifurcation points are the projection of the intersections of surfaces C j = 0 on the plane of h and α∆T 0 . Since the function C j is continuous and differentiable, the constraint ∂C j /∂λ Cr = 0 should be satisfied at the boundaries, which gives λ Cr = 0. From Eq. (70), the boundaries corresponding to C j = 0 are Figure 18 shows these boundaries for the interval {(h, α∆T 0 ) ∈ R 2 | 0 < h < 10, − 10 < α∆T 0 < 10}. The solid and dashed lines distinguish the number of bifurcation points on the equilibrium paths of Type II and III, respectively.
For the values of h and α∆T 0 within the area 1 (between B 3 and B 4 ), The critical states of the arch are also identified. The locus of limit and bifurcation points and the magnitude of load-bearing capacity are derived. Here, it is proven that on the bifurcated path, critical points exist only at its bifurcation points. Furthermore, the boundaries which separate domains with different number of critical points along the equilibrium path are obtained. In addition, the geometry and initial temperature that cause the coincidence of limit and bifurcation points are determined.
The results obtained with the proposed procedure show that elastic shallow arches under concentrated loading at the midpoint and under uniformly distributed loading have similar behaviour, while arches under asymmetrical uniform loading follow a significantly different pattern. For this type of loading, there are equilibrium paths that are not passing through the initial unloaded equilibrium state and do not intersect the primary path but are nevertheless a subset of the equilibrium manifold. These paths also contain limit and bifurcation points.
